Introduction
A category is inverse if for each morphism f there is a unique morphism f −1 such that f f −1 f = f and f −1 f f −1 = f −1 . Inverse categories are the natural extension of inverse monoids. Many basic properties of inverse semigroups have been applied to morphisms in inverse categories. In fact, for each object A of an inverse category C the set Hom C (A, A) of all morphisms from A to A is an inverse monoid. Quite analogously to the case of inverse semigroups, the concepts left (right) principal ideals, the Green's relations (L, R, D etc.), the natural ordering ≤, etc., can be introduced for arbitrary inverse category (see, for example, [2, 3, 7] ).
In many familiar categories C, a morphism f ∈ Hom C (A, B) (denoted also f : A → B) admits a canonical factorization A h X u B (h is an epimorphism, u is a monomorphism, and f = uh) called an epi-mono factorization of f (epimorphisms are denoted in text by and monomorphism by ). In many algebraic categories, X is the set-theoretic image of f in the usual sense. The epi-mono factorizations plays an important role in the theory of exact categories. Exact category has assumed different meanings in category theory. In Mitchell's book [6] an exact category is a category with kernels and cokernels, it is normal (i.e., any monomorphism is a kernel of a morphism) and conormal (i.e., any epimorphism is a cokernel of a morphism), and every morphism has an epi-mono factorization. In [6] abelian categories are defined as additive exact categories. An idempotent i of a category is said to be split idempotent if i admits an epi-mono factorization. Inverse categories with kernels and with closed and split idempotents (for the definition of closed idempotents see Section 4) are exact categories ( [7] ).
The theory of bisimple inverse monoids created by Clifford is one of the most fundamental contribution to the classical theory of inverse semigroups. A semigroup is bisimple if it consists of a single D-class. Clifford's theorem describes the structure of bisimple inverse monoids in terms of their right unit subsemigroup. The Clifford result on bisimple inverse monoid was interpreted by Leech [5] categorically and it was extended to arbitrary inverse monoids. Section 2 contains an extension of these results from inverse monoids to inverse categories with split idempotents (see also [2, Section 2.1]). The illustrative example described in Section 3 involves a pair of subcategories of the category of pointed sets. Finally, in Section 4 basic concepts and properties are considered in inverse categories with kernels and split idempotents. In a forthcoming paper we will utilize all of these for continuing the study of exact inverse categories. The notations and terminologies are standard and we presume elementary basic knowledge of category theory.
Inverse categories and Clifford's theorem
The origins of this section lie in the fundamental result of Clifford [1] on bisimple inverse monoids. (ii) If R is a right cancellative monoid in which the set of principal left ideals is closed under finite intersections then S(R) = R × R/ , where (s 1 , t 1 ) (s 2 , t 2 ) iff (s 1 , t 1 ) = (us 2 , ut 2 ) for some unit u ∈ R, can be equipped with a multiplication · such that (S(R), ·) becomes a bisimple inverse monoid. This multiplication on S(R) = R × R/ is defined by:
where Rt 1 ∩ Rs 2 = Rr and pt 1 = qs 2 = r for some p, q, r ∈ R ([s, t] being the equivalence class on R × R generated by (s, t)).
Leech's interpretation is given in terms of a right cancellative category with pushouts and weakly initial object (i.e., an object I such that Hom(I, A) is non-empty for any object A), and it is extended to arbitrary inverse monoid. 
Then C(S) is a right cancellative category with pushouts and with 1 a weakly initial object of C(S).
(
ii) If (C, I) is a pair where C is a right cancellative category with pushouts, I being a weakly initial object in
for some isomorphism ι ∈ Mor C, can be equipped with a multiplication · such that (S(C, I), ·) becomes an inverse monoid. This multiplication on S(C, I) = M/ is defined by:
where {α 2 , β 1 , γ, δ} is a pushout in C and [α, β] is the equivalence class generated
It may be interesting to consider above the possibility of replacing inverse monoids with inverse categories. The essential steps in this direction were taken by Jones and Lawson [2, Propositions 2.2, 2.3, 2.4]. We will follow some of their ideas, however there are some major differences between our technique and that in [2] . Kawahara's [4] construction of relations in categories with pullbacks will be very useful in our development. In order to do this we prove the following lemma. 
Diagram 1 is an epi-mono factorization of the idempotent
α −1 αβ −1 β then the following dia- gram (Diagram 2) A β G G α C γ −1 α −1 αβ −1 B γ −1 β −1 βα −1 G G Y
Diagram 2 is a pushout in I if α and β are epimorhisms.
Proof. Diagram 2 is commutative:
Diagram 3 and
Since α is epimorphism, that is αα
If y : Y → X is a morphism in I such that yγ (ii) If E is a right cancellative category with pushouts then define the category 
Then I(E) is an inverse category with split idempotents.
(iii) I ∼ = I(E(I)).
(iv) E ∼ = E(I(E)).
Proof. (i)
Since E is right cancellative it follows that {α, α, 1 Codom α , 1 Codom α } is a pushout in E for any morphism α, and therefore
for any morphism α ∈ Hom E (A, B) .
So, for any morphism [α, β] we have: [α, β] = Γ(β)
* Γ(α) is an epi-mono factorization in I(E). It remains to prove that I(E) is an inverse category. We have:
The set {[α, α]| Dom α = A} is the set of idempotents in Hom I(E) (A, A), and [α, α][β, β] = [β, β][α, α] if [α, α] and [β, β] are two idempotents in Hom I(E) (A, A).

So, I(E) is a regular category and its idempotents commute. This proved that I(E) is an inverse category with split idempotents. (iii) The functors F : I → I(E(I)) and G : I(E(I)) → I defined by
(where α = uh is an epi-mono factorization of α), and
respectively, are mutually inverse to each other; i.e. G · F is the identity functor on I and F · G is the identity functor on I(E(I)).
(iv) It is straightforward to check that E(I(E)) is the image of the functor Γ (i.e., the smallest subcategory of I(E) which contains all image morphisms Γ(α)). So, E and E(I(E)) are isomorphic through Γ. Now, it is straightforward to see that:
Proposition 2.1. If the right cancellative category E with pushouts has a weakly initial object I, then the inverse monoid Hom I(E) (I, I) is just Leech's inverse monoid S(E, I).
Let (P, ≤) be a join-semilattice. The join-semilattice (P, ≤) is viewed as a category in which each Hom-set has at most one element: Ob(P, ≤) = P , and Hom (P,≤) (a, b) is a singleton if and only if a ≤ b. The category (P, ≤) is a right cancellative category with pushouts. The inverse category I(P, ≤) is defined by: b is an epi-mono factorization of (a, x, b). If (P, ≤) is a join-semilattice with a least element 0, then the category (P, ≤) is right cancellative with pushouts and with the weakly initial object 0. In this case Leech's inverse monoid (S((P, ≤), 0), ·) is just the semilattice (P, ∨).
The following example is much more complicated. Let C a the category of integer affine maps (see [9, Section 2] 
, where g • f is the usual composition of maps. The category C a is a right cancellative category with pushouts. A morphism (f, k) will be denoted by f if the domain k (and therefore the codomain f (k) also) is implied. If f = ax + b and g = cx + d are two morphisms in C a with a common domain k then Diagram 4 is a pushout, . A morphism f is an isomorphism in C a if and only if it is an identity. Therefore the morphisms of the inverse category I(C a ) are pairs of morphisms of C a with common codomain. We have: Ob I(C a ) = N * and by   (a 2 x + b 2 , c 2 x + d 2 )(a 1 x + b 1 , c 1 x + d 1 ) = (m 1 a 1 (x − k 1 ) + m, m 2 c 2 (x − k 3 ) + m) ,
x x
x x
Note that the inverse monoid Hom I(Ca) (1, 1) is just the Dirichlet analogue of the free monogenic inverse semigroup (see [9] ).
We end this section with a simple example. Let I Q + be the category defined by: 
Two subcategories of the category of pointed sets
The objects of the category of pointed sets Set * are pairs (A, a) consisting of a nonempty set A together with a designated element a ∈ A. Morphisms in Set * are mappings that preserve the designated points. The composition of morphisms in Set * are the standard composition of mappings. The identity mapping on A is the identity morphism 1 (A,a) . A singleton in Set * , that is ({ * }, * ), is a zero object (both initial and terminal).
Let S 1 be the subcategory of Set * defined by: Ob S 1 = Ob Set * ; the morphisms from Proof. It is straightforward to see that S 1 is right cancellative.
If f ∈ Hom S1 ((A, a), (B, b) ) and f : B → A is the map defined by
. Now, it is a routine matter to verify that for any morphisms f ∈ Hom S ((A, a), (B, b)) and g ∈ Hom S ((A, a), (C, c)), the Diagram 6 is a pushout in S 1 .
Now, it is clear that f ∈ Hom S1 ((A, a), (B, b) ) is an isomorphism in S 1 if and only if f f = 1 (A,a) , that is if and only if A f,b = ∅. More precisely, f ∈ Hom S1 ((A, a), (B, b) ) is an isomorphism in 
